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ABSTRACT. Answering in the affirmative a question posed in ||, we prove that 
a positive multiplication operator on any L p -space (resp. on a C(f2)-space) is 
compact-friendly if and only if the multiplier is constant on a set of positive measure 
(resp. on a non-empty open set). 

In the process of establishing this result, we also prove that any multiplication 
operator has a family of hyperinvariant bands — a fact that does not seem to have 
appeared in the literature before. This provides useful information about the corn- 
mutant of a multiplication operator. 



1. Preliminaries 

This work will employ techniques and terminology from Banach lattice theory. 
For terminology which is not explained below, we refer the reader to |4|]. 

In this work the word "operator" will be synonymous with "linear operator." An 
operator T : A —>■ Y between two Banach lattices is positive if x > in A implies 
Tx > in Y. 

A positive operator S: X — > A on a Banach lattice A is said to dominate 
another operator T : A — ► A (in symbols, S >~ T) if 

\Tx\ < S\x\ 

for each x G A. If 5* dominates T, we shall also say that T is dominated by 5*. 
Every operator dominated by a positive operator is automatically continuous. 

We recall next the notion of a compact-friendly operator that was introduced 
in |l| and that will play an important role in this work. 

Definition 1. A positive operator B: X — > A on a Banach lattice is said to be 
compact-friendly if there exist three non-zero operators R, K, A : X — >• A with R 
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and K positive and K compact satisfying 

RB = BR, Ry A and K y A . 

Regarding the invariant subspace problem for operators on Banach lattices the 
compact-friendly operators seem to be the analogues of Lomonosov operators. Recall 
that an operator T : X — > X on a Banach space is a Lomonosov operator if there 
exist non-zero operators S, K : X — > X such that S is not a multiple of the identity, 
K is compact, ST = TS, and SK = KS. 

The invariant subspace theorems for positive operators obtained in |TJ (see also [TJ]) 
can be viewed as the Banach lattice analogues of the following famous invariant 
subspace theorem of V. I. Lomonosov. 

Theorem 2 (Lomonosov Every Lomonosov operator T has a non-trivial clo- 
sed invariant subspace. Moreover, if T itself commutes with a non-zero compact 
operator, then there exists a non-trivial closed hyperinvariant subspace. 

Besides compact-friendly operators, we shall work here also with multiplication 
operators on spaces of continuous and measurable functions. If Q is a compact 
Hausdorff space and <p £ C(Q), then a multiplication operator M v on C(Q) is 
defined by M^f = <pf for each / e C(Q). The function <p is called the multiplier. 

Similarly, if X is a Banach function space on a measure space (Q, and </> 
is a measurable function, then a multiplication operator M v on X is defined by 
M^f = <j)f for each / el. Observe that a multiplication operator maps X into 
itself if and only if the multiplier <fr is an (essentially) bounded function. So, for the 
rest of this paper, whenever we deal with a multiplication operator on a Banach 
function space we assume that the multiplier 6 L^^l). 

It should be noticed that a multiplication operator is positive if and only if its 
multiplier is a non-negative function. 

Obviously each multiplication operator M v has non-trivial invariant subspaces 
and, as was observed in 0, each multiplication operator is a Lomonosov operator. 
Moreover, as we will prove in the next section (see Theorem |6| and Corollary 0) each 
multiplication operator M v has hyperinvariant subspaces of a very simple geomet- 
rical form, namely, the disjoint bands. 

Our next definition describes the kind of multipliers that will be important in our 
work. 

Definition 3. A continuous function <fi: Q — > 1R on a topological space has a fiat 
if there exists a non-empty open set V such that <ft is constant on V. 

Similarly, a measurable function 0: Q — > 1R on a measure space (Q, is said 
to have a flat if is constant on some A e £ with n(A) > 0. 
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It was shown in || that a positive multiplication operator commutes with a non- 
zero finite rank operator if and only if the multiplier has a flat. It was then asked 
whether the flatness condition characterizes also the compact-friendly multiplica- 
tion operators. The objective of this work is to answer this question affirmatively 
Namely the main result of this paper can be stated as follows. 

Theorem 4. A positive multiplication operator M v on a C(Q) -space or on a L p (Q, E, /i)- 
space (1 < p < oo) is compact-friendly if and only if the multiplier if has a flat. 

2. The commutant of a multiplication operator 

In this section X will denote a Banach function space on a fixed measure space 
(fl, Let \ X — > X be the multiplication operator with a multiplier ip G 

Not much is known about the commutant of M v . The following discussion will 
provide some important insights into the structure of the commutant. We precede 
this discussion by fixing some notation. If /: Q — > 1R is a function, then its support, 
Supp(/), is defined by 

Supp(/) = {u;eJ]: /M^O}. 

If A, B G S, then relations A C B a.e. and A = B £1.6. cLFG understood as usual 
/i-a.e. For example, A C B a.e. means that ^({uj G A: uj £ B}) = 0. 

Definition 5. Let T: X — > X be a continuous operator and let C be a mea- 
surable subset of positive measure. We shall say that T leaves E invariant, if 

x G X and Supp(x) C E implies Supp(Tx) C E a.e. 

This definition is, of course, motivated by a simple observation that an operator 
T leaves a (measurable) set E invariant if and only if T leaves invariant the band 

B E = {feX: f = on tt\E} 

generated by E in X. It is obvious that if an operator T : X — > X leaves invariant 
the sets E and F , then it also leaves invariant the sets E fl F and E U F . 
Now let us introduce some more notation. For each a G M, let 

E a = {u G tt: (j){u) > a] and E a = {uj G ft: <j>{u) < a] . 

If we need to emphasize that the level set E a is produced by the function 0, then 
we shall write E a ((p) instead of E a . For a < (3, we also write 

E^ = E a fl E 13 = {uj G f2 : a < (f>{u) < (3} . 

And now we come to a simple but important result asserting that all the bands in 
X generated by the level sets introduced above are left invariant by each operator 
commuting with M^. 
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Theorem 6. Every operator in the commutant of leaves invariant all the sets 
E a , E a and E%. 

Proof. Let R: X — > X be a bounded operator commuting with M v . We begin by 
considering the sets E a . Assume that ip > 0. First we will verify that R leaves 
invariant the set E a with a — 1, i.e., the set 

E 1 = E l (p) = {wgO: < 1}. 

To do this, assume by way of contradiction that R does not leave E 1 invariant. This 
means that there exists some function x G X with Supp(x) C E 1 and such that the 
measurable set A = {uj e Vl: Rx{uj) ^ & y?(^) > 1} nas positive measure. Pick 
some 7 > 1 such that B = {u e Q: Rx{uj) ^ & y?(^-0 > 7} has positive measure. 
The commutativity property RM V = M V R easily implies 

R(ip n x) = <p n Rx (★) 

for each n. Let || ■ || denote the norm on X. We shall reach a contradiction by 
computing the norm of the function in (*) in two different ways. On one hand, 
the hypothesis Supp(x) C E 1 and the fact that < <p(uj) < 1 on E 1 imply that 
\ip n x\ < \x\, and so 

\\R(¥ n x)\\ < \\R\\ ■ \\ip n x\\ < \\R\\ ■ \\x\\ < oo. 
On the other hand, for the element y = \(Rx)xb\ G X we have 

< i n y < \cp n (Rx)x B \ < \<£ n Rx\ , 

whence 

< 7 n |M| < \W l Rx\\ = \\R(^ n x)\\ < \\R\\ ■ \\x\\ < oo 

for each n, contradicting the fact that 7 > 1. Hence, R leaves E l (<p) invariant. 

Let us verify now that R leaves invariant each E a with a > 0. Consider ip = a^tp. 
Obviously the multiplication operator also commutes with R and E 1 ^) = 
E a ((p). By the previous part R leaves E a invariant. 

Since E° = r\ a> oE a we see that R leaves E° invariant as well. Since tp > the set 
E a = whenever a < 0. Thus, for p > we have proved that R leaves any set E a 
invariant. The assumption made at the beginning of the proof that the multiplier 
ip is nonnegative can be easily disposed of. Indeed, pick any t > such that the 
function — ip + tl is positive. Obviously My, commutes with R (since M v does) 
and E a (tp) = E a+t (ip). By the preceding part R leaves E a+t (ip), that is E a (tp), 
invariant. 

Finally notice that E a ((p) = E~ a (—p). This shows that the case of the sets E a 
follows immediately from the case of the sets E a consided above. ■ 
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Corollary 7. If G L^ji) is a non-constant function, then the multiplication 
operator has a non-trivial hyperinvariant band. If the (essential) range of the 
multiplier ip is an infinite set, then M v has infinite many disjoint hyperinvariant 
bands. 

Consider also the following three additional types of the level sets associated with 
the multiplier </?: 

{ueQ: a < (f(uj) < f3} , {uoeVt: a < ip(u) < (3} and {u G Q: a < <p(uj) < (3} . 

It is easy to see that if R is order continuous (and commutes with M v ) then R 
leaves also each of these sets invariant. In particular this is so if the norm on X 
is order continuous. However, quite surprisingly, it may happen that without this 
extra assumption the operator R may fail to leave these latter sets invariant. 

Even when X has order continuous norm (and so R leaves invariant so many 
mutually disjoint bands) it is not true in general that R leaves invariant any band. 
Furthermore, as we shall see in the next example R may even fail to be a disjointness 
preserving operator. (Recall that an operator R on a vector lattice is said to preserve 
disjointness if R carries disjoint vectors to disjoint vector.) 

• A positive operator R : — > commuting with M v need not be disjointness 
preserving even if <p has no flat. 

To see this take \i to be the usual 2-dimensional Lebesgue measure on [0, 1] x [0, 1] 
and (p(x, y) = y. Let Rf(x, y) = fit, y) dt, then it is easy to see that R commutes 
with M v , the multiplier <p has no flat but R is not disjointness preserving. [If <p has 
a flat, then the existence of R as required is obvious]. 

3. Multiplication operators on C(f2)-SPACES 

We start with a useful general criterion for distinguishing between compact- 
friendly and non-compact-friendly operators on a Banach lattice with order con- 
tinuous norm. 

Proposition 8. Let A: Y — > Y be an operator on a Banach lattice dominated by a 
positive compact operator. Then for any norm bounded sequence {e n } the following 
two statements are true. 

1. The sequence {Ae n } has an order bounded subsequence. 

2. IfY has order continuous norm and {Ae n } is disjoint, then ||Ae n || — > 0. 

Proof. (1) Let K: Y — > Y be a compact positive operator dominating A, i.e., 
\Ax\ < K\x\ holds for each x G Y. Since K is a compact operator and {e n } 
is a norm bounded sequence, we can extract from {X(|e n ])} a convergent subse- 
quence. Without loss of generality we can assume that the sequence {if (|e n |)} itself 
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converges in Y, that is, there exists y G Y such that K\e n \ — > y. By passing to 
another subsequence if necessary, we can also assume without loss of generality that 
||i^|e n | — y\\ < 2~ n holds for each n. Letting e = Y^Li \K\ e n\ — y\ we see that 
e G Y + and clearly |iT|e n | — y\ < e, whence X|e n | < e + \y\ for each n. It remains 
to note that 

\Ae n \ < K\e n \ < e + \y\ 

for each n. 

(2) Assume that {Ae„} is a disjoint sequence and let {/„} be a subsequence of 
{e n }. By part (1), there exists a subsequence {g n } of {/„} (and hence of {e^}) 
such that the pairwise disjoint sequence {Ag n } is order bounded. Since Y has order 
continuous norm, it follows that Ag n — > in Y; see pi Theorem 12.13, p. 183]. Thus, 
we have shown that every subsequence of {Ae„} has a subsequence convergent to 
zero, and consequently Ae n — ► in Y. m 

The next theorem is a characterization of the compact-friendly multiplication 
operators on C(f2)-spaces. 

Theorem 9. A positive multiplication operator M v on a C(Q) -space is compact- 
friendly if and only the multiplier has a fiat. 

Proof. Let < G C(Q). If is constant on a non-empty open subset of Q, then 
Mff, commutes with a non-zero positive rank-one operator (see [[| Theorem 2.6]), 
and so M v is compact-friendly. 

For the converse, assume that is compact-friendly, and consequently there 
exist non-zero bounded operators R,K,A: C(Q) — > C(Q) with R, K positive, K 
compact and such that 

M^R = RMfr Ry A and K y A . 
Taking adjoints, we see that 

M^R* = R*M^, R* y A* and K* y A* . 

The following three properties follow in a rather straightforward way. 

1) For each uj G VL the support of the measure R*5 U is contained in the set 
= _1 (0(ci;)), where 5^ denotes the unit mass at uj. This claim is immediate 

from consideration of the identity 

m;r*6 u = r*m;8^ = <p(u)m u . 

2) Since R y A, it follows immediately from 1) that for each uo G Q the measure 
A* 5u is also supported by W u . 
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3) Pick h G C(Q) with \\h\\ = 1 and Ah ^ 0. Next, choose a non-empty open 
set U on which |A/i(o;)| > e > for some e > 0. Then for each u G U we have 
||-<4*<L|| > e - Indeed, to see this, notice that 

\\A*5 U \\ > = 1(^,^)1 = \Ah(cu)\ > e. 

To complete the proof, assume by way of contradiction that the set W u has an 
empty interior for each u G Vt. Then the non-empty open set U, chosen in (3) must 
meet infinitely many sets W w . Pick a sequence {u> n } in U with <p(u m ) ^ <f>(vn) if 
m 7^ n, and let e n = [A^J for each n. Then ||e n || > e for each n.. Furthermore, 
since each e n is supported by the set W Wn and the sequence {W Wn } is pairwise 
disjoint, the sequence {A*5 iUn } is also disjoint. However, by Proposition || (which is 
applicable since the norm in C(Q)* is order continuous) we should have || A*8 Wn || — > 0, 
a contradiction. This completes the proof of the theorem. ■ 

Since each L OD (/i) space can be represented as C(fi) space on its Stone space, the 
previous theorem implies immediately the following result. 

Theorem 10. A multiplication operator on L^, where (p G L^lfi), is compact- 
friendly if and only if its multiplier <fi has a flat. 

4. Compact-friendly multiplication operators on L p -spaces 

For the rest of our discussion, (O, S, /x) will denote a fixed measure space, and 
|| • || will denote the standard norm on L p {y). The main result in this section is the 
following L p - version of Theorems |9| and [10| . 

Theorem 11. A multiplication operator on an arbitrary L p (fi) -space, where 
< <fi G £oo(a0 o,nd 1 < p < oo, is compact-friendly if and only if ip has a flat.f\ 

Proof. It was shown in || that if <fi has a flat, then commutes with a positive 
rank-one operator — and hence is compact-friendly. 

In the converse direction, assume that is compact-friendly and that, contrary 
to our claim, is not constant on any set of positive measure. Pick three non-zero 
bounded operators R,A,K: L p (fi) — > L p (fi) such that R and K are positive, K is 
compact and 

RM^ = M^R, Ry A and K y A . 
To obtain a contradiction, it will suffice (in view of Proposition |§p to construct a 
sequence {e n } in L p (n) satisfying the following properties: 

(i) ||e n || = 1 for each n, 

(ii) {Ae n } is a disjoint sequence, and 

(iii) ||^4e n || > 5 for each n and for some 5 > 0. 

^^We do not know if this theorem is true for arbitrary Banach function spaces. 



The construction of such a sequence is quite involved and will be presented in a 
series of lemmas below. ■ 

The rest of this section will be devoted to construction of a sequence {e n } that 
satisfies the properties (i), (ii) and (iii) stated at the end of the proof of Theorem [11]. 
We begin with some preliminary comments. 

1. The assumption that does not have a flat means that for each 7 > the set 

= {u G VL: 4>{uj) = 7} = _1 ({7}) has measure zero. In particular, this 
implies that for any 7 G (a,/3) the level sets E% and E® are essentially disjoint 
(in the sense that H E@ = E^ is a set of measure zero). 

2. By Theorem |^ the operator R leaves all the level sets of invariant, and so 
does the operator A since it is dominated by R. 

3. Since A 7^ there exists some x G L p (fj) with y = Ax 7^ 0. The functions x 
and y will be fixed throughout the discussion in this section. If we let a = 
and Po = || 0|| 00, then obviously E@° = £1 and so 

Supp(x) C E* . 
Lemma 12. There exists some 70 G (ao, A)) su °h that 

\\yXE2°\\ = hx E Po\\ = c\\y\\ , 

11 °0 11 11 ^70 1 1 

where c = 1/ v2- 

Proof. Consider the function iV: [a ,/3o] — » 1R defined by 

N( 1 ) = \\y X EZ \\- 

Clearly, iV(a ) = 0, N(j3 ) = \\y\\, and the function N is continuous by virtue of the 
"no flats" assumption about <p. Therefore, there exists some 70 G (ao, Po) such that 
iV(7o) =c\\y\\. 

Since yXEZ° + VX E Po — V-, an d since the sets E^°, E@° are essentially disjoint, the 
p-additivity of the norm in L p (fi) implies that 

\\yx E ^\\ p + \\yx E po\\ p = \\y\\ p - 

Consequently, 

Wvx^r = \\y\\ p - \\yx E i4 p = \\v\\ p - *\\v\\ = h\v\\ p = <?\\v\\ p , 

that is, llyXp^oll = c \\y\\i as required. ■ 



Using the sets and E@° we can represent 

x = x XeI° ®%X f Pq , 

and denote by a x the summand with smaller (or equal) norm. The other summand 
will be denoted by b\. So, if II^Xr' 70 II < II^Xp^oll, then we let ai = xxe">° an d 
b\ = xx^Poi an d thus 

x = a\ © hi . 

Having chosen a% and bi, we let 

u i = VXeZ° and v i = VX E Po 

and also cti = cto and /3i = 70. (However, if llxx ,3 || < Harv^oH, then a± = xx^o, 
bi = xx e 10 ) an d we let u i — DXvPo an d = UXe 10 ! so that the functions u\ and 
a x are supported by the same set. In this case we accordingly choose ct\ = 70 and 

Pi = A).) 

In accordance with our construction the support sets of u\ and v 1 are the disjoint 
sets E2° and respectively, which are left invariant by A. The same disjoint sets 
are the support sets of the elements a\ and b\. This implies (in view of the equality 
x — a\ © 61) that y = Ax = Aa\ © Ab\, and therefore 

Aa\ = u\ and Ab\ = V\ . 

In the next lemma, we present some simple estimates on the norms of a\ and 61. 

Lemma 13. For the functions ai and bi introduced above, we have: 

Cp| < ||ai|| < c||x|| and \\b\\\ < c\\\x\\ , 

where c = 1/^2 and c x = [l - ( „,„ M ) P ] Vp > 0. 

J\ ' \\x\\ 

Proof. Since a\ © b\ = x and ||ai|| < ||&i||, the p-additivity of the norm yields 

2iiaiii p < iiaiir+ n&iir = iMr, 

whence ||ai|| < c\\x\\. 

From Ui = Aa,\ we have ||wi|| < ||A||||ai||. So, taking into account that (in view 
of Lemma O) ||ui|| = 1 1 1x2 1 1 = c||y||, we see that 
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For the last inequality, note that 

H&JP = \\ x \\ p - \\ ai \\ p 

< \\x 



\v 



c p \\y\\ p 



= \\x\ 



c r\\y 
\\A^\\x 

and the proof of the lemma is finished. 



ni- „",',"■ ] = <w> 



The rest of the construction must be done inductively. For instance, at the next 
step we will apply the above described procedure to the functions u±,ai satisfying 
ui = Adi and to the interval [a±, Pi]. That is, we take U\ for y and a\ for x and we 
repeat the same procedure, keeping in mind that the support set of either of these 
two functions lies in E^\. 

Afterwards, we will have U\ = u 2 © v 2 with ||m 2 || = ||t>2|| = c||wi|| and with 
the support sets of these new functions also invariant under A. Next we will have 
cli = a 2 © b 2 with ||a 2 || < H&2II an d Aa 2 = u 2 , Ab 2 = v 2 and with the corresponding 
estimates on the norms of a 2 ,b 2 . The precise details of this inductive construction 
can be formulated as follows. 

Assume that we have already constructed the functions u k ,v k ,a k and b k and scalars 
ttfc-i < 7fe-i < Pk-i satisfying the following conditions: 

IKII = IKII = c|K_i|| = c k \\y\\ 



Uk-l = u k ®v k 

Hk-l 



Supp( Mfc ) C E^- 1 



SuppK) C Eft:} 

b k = a fc „ix p /3 fc -i 
c k ^ < \\a k \\ <c k \\x\\ (1) 

||ofc|| < \\h\\ < cic fc_1 ||a;|| (2) 

For this choice of a k and b k we let a k = a k ^± and f3 k = 7^-1- 
Now we are ready to describe the induction step to produce u k+ i, v k+i , a k+ i and 
b k+ i, and the scalars a k +i and (3 k +i- Namely, to the elements u k , a k , satisfying 
u k = Aa k , we apply the very first step described in detail above. As a consequence, 
we find first the scalar 7 fc G (a k , f3 k ) such that the functions u k XE lk and u k x ii k have 

a k 
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the same norm 

IKx^ll = IKxp^ll = c IKII- 



Next we consider the functions a>kXE lk anc ^ ^Xp^t an d denote by a k+ \ the one 
with the smaller norm — if both have the same norm, a k+ \ can be either one. The 
other function is denoted by b k+ i. Without loss of generality, we can assume that 
a k+ i = a k x E ik . Subsequently, we let a k +i = a k and (3 k +i = jk- (Recall however, 
that if ||afeX„/3 fc || < ||afcX£ 7 fc II, tnen a k+1 = a k x^ k , and accordingly a k+1 = ^ k and 

We are ready to verify now that the functions a k+ \ and b k +\ satisfy the desired 
estimates. 

Lemma 14. The functions a k+ i,b k+ i constructed above satisfy the following in- 
equalities: 



Proof. By Lemma [13] we have ||afe+i|| < c ll a fc||- This and the right inequality in (1) 
imply that ||a&+i|| < c fc+1 ||x||. The equalities Aa k +i = u k+ \ and ||ttfc|| = c k \\y\\ imply 

ii H . IK+ill IKII fe+i IMI 



\A\\ \\A\\ 

Finally, we use the identity a k+ i ®b k+ i = a k and again the above estimate ||a^ || < 
c fc ||x|| to get: 

\\b k+ i\\ p = \\a k \\ p - \\a k+1 \\ p < (c k \\x\\) p - \\a k+1 \\ p 

< c kp \\x\\ P -(c k+1 l4r) P 
- II II V ||^||/ 

= c kp \\x\\ p [l- ( ) P ] = c*c kp \\x\\ p . 

This implies ||&fc+i|| < c.\c ||^||, as desired. ■ 

Using the sequence {b k } and the estimates obtained so far, we can finally produce 



a sequence {e k } satisfying the properties required in the proof of Theorem |TT. 

Lemma 15. If e n = p 2 ^, then the sequence {e n } satisfies the following properties: 

(i) ||e n || = 1 for each n, 

(ii) {Ae n } is a disjoint sequence, and 

(iii) ||v4e n || > 5 for each n and for some 5 > 0. 
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Proof. Since, by their definition, the vectors b n are pairwise disjoint and have the 
sets E^- 1 (which are disjoint and invariant under our operator A) as their support 
sets, we see that the vectors Ab n , n = 1,2, ... , are also pairwise disjoint. Now 
recalling that Ab n = v n and using the right inequality in (2) we can easily estimate 
\\Ae n \\: 

\\M 



This completes the proof. ■ 
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